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We demonstrate that the stability of the semilocal vortex can be significantly improved by the
presence of a dilatonic coupling of the form e
q|Φ|2
η2 FµνF
µν with q > 0 where η is the scale of symmetry
breaking that gives rise to the vortex. For q = 0 we obtain the usual embedded (semilocal) Nielsen-
Olesen vortex. We find the stability region of the parameter β ≡ (mΦ
mA
)2 (mΦ and mA are the masses
of the scalar and gauge fields respectively). We show that the stability region of β is 0 < β < βmax(q)
where βmax(q = 0) = 1 (as expected) and βmax(q) is an increasing function of q. This result may
have significant implications for the stability of the electroweak vortex in the presence of a dilatonic
coupling (dilatonic electroweak vortex).
The Nielsen-Olesen (NO) vortex [1, 2] is a topologically
stable static solution of the Abelian-Higgs model. The
Lagrangian density of this model is of the form
L = − 1
4e2
FµνF
µν + |DµΦ|2 − V (|Φ|2) (1)
where Φ is a complex scalar field, V (Φ) = λ4
(|Φ|2 − η2)2,
Dµ = ∂µ − iAµ and Fµν = ∂µAν − ∂νAµ.
The NO vortex ansatz is of the form1
Φ = f(r)eimθ (2)
Aθ = a(r) (3)
Variation of the Lagrangian (1) leads to the field equa-
tions for f(r) and a(r) as
f ′′ + f
′
r
− f
r2
(m− u)2 − λ2e2 (f2 − 1)f = 0 (4)
u′′ − u′
r
+ 2f2(m− u) = 0 (5)
where u ≡ a(r)r and we have implemented the following
rescaling:
f → f¯ = ηf (6)
r → r¯ = r
ηe
(7)
The NO boundary conditions to be imposed on (4) and
(5) are f(0) = u(0) = 0, f(r →∞) = 1 and u(r→∞) =
m. Clearly, the NO solution for f(r), u(r) depends on a
single parameter β ≡ λ2e2 which is the squared ratio of
the scalar field massmΦ =
√
λη√
2
over the gauge field mass
mA = eη.
The energy density of the NO vortex is of the form
ρ = f ′2 +
f2
r2
(m− u)2 + u
′2
2r2
+
β
2
(f2 − 1)2 (8)
1 In the numerical analysis of this study we have set the winding
number m = 1.
The NO vortex solution can also be embedded in gener-
alizations of the Abelian-Higgs model. For example the
semilocal Lagrangian [3]
L = − 1
4e2
FµνF
µν + (DµΦ)
†(DµΦ)− V (Φ†Φ) (9)
is obtained by promoting the U(1)gauge symmetry of the
Abeian-Higgs model to an SU(2)global × U(1)gauge sym-
metry. This is achieved by replacing the complex scalr Φ
by a complex doublet
Φ =
(
Φ1
Φ2
)
(10)
The embedded NO vortex ansatz (semilocal vortex) is of
the form
Φ =
(
0
f(r)eimθ
)
(11)
while for the gauge field eq. (3) remains unchanged.
By varying the semilocal Lagrangian it is easy to show
that the field equations obeyed by f(r) and a(r) (or
u(r) ≡ a(r)r) are identical to the NO equations (4) and
(5). Thus the NO vortex solution is embedded in the
generalized semilocal Lagrangian. However, due to the
S3 topology of the semilocal vacuum, the stability of the
embedded vortex is not topological. It is only dynamical
and is valid for a finite range of the parameter β. It may
be shown [4–7] that this range of stability is 0 < β < 1.
The NO vortex can be embedded in several other gen-
eralizations of the Abelian-Higgs model which involve
broken U(1) symmetries. For example it can be embed-
ded in the bosonic sector of standard Glashow-Salam-
Weinberg (GSW) electroweak model [8] with SU(2)L ×
U(1)Y symmetry. One type of such embedded vortices
is also known as the electroweak Z-vortex[9–11]. There
is a parameter region of dynamical stability of the elec-
troweak Z-vortex. It is determined by two parameters:
the squared ratio β of the Higgs mass mH over the Zµ
mass mZ (β ≡ (mHmZ )2) and the Weinberg angle θw[11].
Thus, the stability range of the embedded electroweak
2Z-vortex is of the form 0 < β < βmax(θw). For θw =
pi
2
the bosonic sector of the GSW Lagrangian reduces to the
semilocal Lagrangian and therefore βmax(θw =
pi
2 ) = 1.
For θw <
pi
2 we have βmax(θw) < 1 and therefore
the stability range decreases. The experimental values
β =
(
mH
mZ
)2
= (91.2GeV125GeV )
2 ≃ 0.53 and sinθw = 0.23 are
outside of the stability region [11].
There has been a wide range of studies aiming at
constructing models where the stability of the semilocal
and/or electroweak vortex is improved. These studies
have attempted to improve the stability using thermal
effects [12], extra scalar fields [13, 14], external magnetic
fields [15], fermions [16, 17] or spinning scalar field in a
charged background [18]. Most of these studies have ei-
ther lead to models where the vortex stability is worse
than the usual semilocal Lagrangian or to particularly
contrived models requiring external backgrounds. Even
for the classical stability region of semilocal and elec-
troweak strings, there are instabilities at the quantum
level [19].
In this study we attempt to increase the stability re-
gion of the semilocal vortex by considering a simple and
generic generalization of the Abelian-Higgs model La-
grangian: the dilatonic Abelian-Higgs model defined to
be of the form
L = |DµΦ|2 − B(|Φ|
2)
4e2
FµνF
µν − λ
4
(|Φ|2 − η2)2 (12)
where B(|Φ|2) = e
q|Φ|2
η2 is a dilatonic coupling that allows
for dynamics of the effective gauge coupling e√
B(|Φ|2) .
In the limit B(|Φ|2) → 1 (q → 0) we obtain the
usual Abelian-Higgs model with the NO vortex solution.
Considering now the NO ansatz in the dilatonic Abelian-
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FIG. 1: Solutions for f(r), u(r) for the dilatonic gauged vor-
tex for β = 1.1, q = 0 and q = 2 respectively. Notice the
thickness increase as we increase q. It is due to the amplified
weight of the gauge field kinetic term in the energy density of
the vortex (a reduced gauge field gradient in regions where f
is large ’saves’ energy).
Higgs model we obtain the rescaled field equations for
the dilatonic gauge vortex
f ′′ +
f ′
r
− f
r2
(m− u)2 − 1
2
qeqf
2
(
u′
r
)2
f −
−β(f2 − 1)f = 0 (13)
u′′ − u
′
r
+ 2f2e−qf
2
(m− u) = 0 (14)
where as usual β = λ2e2 . The corresponding energy den-
sity is of the form
ρ = f ′2+
f2
r2
(m−u)2+ 1
2
eqf
2
(
u′
r
)2
+
β
2
(f2− 1)2 (15)
Using the NO boundary conditions, it is straightforward
to obtain the dilatonic vortex solution of equations (13),
(14) for various values of the parameters q and β (Fig
1). A simple mathematica code for the derivation of this
solution, based on the minimization of the energy density
(15), is provided in the Appendix.
In order to investigate the stability of the embed-
ded dilatonic vortex we generalize the dilatonic Abelian-
Higgs Lagrangian to a dilatonic semilocal Lagrangian
with SU(2)global × U(1)gauge symmetry.
L = (DµΦ)
†(DµΦ)− B(Φ
†Φ)
4e2
FµνF
µν − λ
4
(Φ†Φ− η2)2
(16)
We then consider the perturbed fields Φ and Aµ as
Φ =
(
g
feimθ + δΦ2
)
(17)
Aµ = (δA0, δAr, Aθ + δAθ, δAz) (18)
The energy perturbations due to δΦ2 and δAµ decouple
and can only lead to increase of the embedded dilatonic
vortex energy. The corresponding energy perturbation
is identical to the energy perturbation of the topologi-
cally stable NO vortex and therefore it is positive defi-
nite. Thus the stability of the dilatonic embedded vortex
is determined by the energy perturbation due to δΦ1 ≡ g.
The energy of the perturbed vortex is of the form
Eg =
∫ ∞
0
dr r (g′2 + f ′2 +
f2
r2
(m− u)2 + u
2g2
r2
+
+
1
2
eq(f
2+g2)
(
u′
r
)2
+
β
2
(f2 + g2 − 1)2)
≡ E0 + δEg (19)
where we have included only perturbations due to g and
E0 is the unperturbed energy of the embedded dilatonic
vortex. The energy perturbation due to g may be written
in the form
δEg =
∫ ∞
0
dr r (gOˆg) (20)
3where Oˆ is a Schrodinger-like Hermitian operator of the
form
Oˆ = −1
r
d
dr
(
r
d
dr
)
+
u2
r2
+
q
2
(
u′
r
)2
+ β(f2 − 1) (21)
and we have only kept terms up to second order in g.
The Schrodinger potential corresponding to Oˆ is
VSchrodinger =
u2
r2
+
q
2
(
u′
r
)2
+ β(f2 − 1) (22)
For values of the parameters q and β for which Oˆ has no
negative eigenvalues we have δEg ≥ 0 and therefore no
instability develops. In order to determine if Oˆ has neg-
ative eigenvalues we may solve Oˆg(r) = 0 with boundary
conditions g(0) = 1, g′(0) = 0 and check if the solution
crosses the g = 0 line and goes to −∞ asymptotically. If
it does then it is easy to show that there must exist at
least one bound state (negative eigenvalue). The param-
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FIG. 2: The stability sector of the embedded dilatonic gauged
vortex is shown as sector I. The parameter values of sector II
correspond to instability. Notice how the stability region of β
increases as we increase the value of q. The thickness of the
dividing line describes numerical uncertainties.
eter region in the q − β space where Oˆ has no negative
eigenvalues is shown in Fig. 2 (sector I). In order to con-
struct this plot, for each value of q > 0 we find a stability
region 0 < β < βmax(q). As expected βmax(q = 0) = 1.
Interestingly βmax(q > 0) > 1 and the stability region
increases as we increase q. The improvement of stability
is due to the fact that the effective Schrodinger potential
(22) corresponding to the operator Oˆ becomes shallower
as we increase q (Fig. 3). Thus Oˆ becomes less recep-
tive to negative eigenvalues.The new repulsive term in
the Schrodinger potential (22) (proportional to q) orig-
inates from the dilatonic term in the Lagrangian (16).
This term favors energetically a lower value for the field
Φ at the origin and therefore it makes the perturbation
g more costly energetically at r = 0. This leads to im-
proved stability for the dilatonic embedded gauge vortex.
We have also investigated the dilatonic embedded
global vortex in the presence of an external magnetic
field. This solution is obtained by replacing the covariant
derivatives in the Lagrangian (12) by regular ones. In the
absence of a dilatonic coupling this vortex is unstable and
there is no free parameter in the Lagrangian. However,
in the presence of a dilatonic coupling and a gaussian
external magnetic field we have shown that the embed-
ded global vortex gets stabilized in the region where the
magnetic field is present. These results will be presented
elsewhere.
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FIG. 3: The Schrodinger potential describing the stability
of the embedded dilatonic gauged vortex. Notice that the
potential becomes shallower as we increase q. However, it
also becomes somewhat wider and this justifies the fact that
for 0 < q < 4 the stability improvement is very mild as shown
in Fig. 2.
The existence of dilatonic gauge and global vortices
may also have implications as a new class of models pre-
dicting spatial variation of the fine structure constant α
on cosmological scales. Such models have been discussed
in Ref. [22–26] and are motivated from recent quasar
absorption spectra observations that may hint towards
possible spatial variation of α on cosmological Hubble
scales [27].
The dilatonic semilocal model is perhaps the simplest
generalization of the semilocal model that can lead to
dramatic improvement of the semilocal vortex stability.
The existence of such a dilatonic coupling in the realistic
GSW model is therefore also expected to lead to improve-
ment of the stability of the Z-string [20, 21] and perhaps
create a stability region for the W -string (an alterna-
tive embedding of the NO vortex in the GSW model)
[20]. The analysis of the stability of the dilatonic elec-
troweak vortices constitutes and interesting extension of
the present study.
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APPENDIX
In Fig. 4 we show the Mathematica code used to find
numerically the dilatonic vortex solutions by minimiza-
tion of the energy functional (15). The algorithm is par-
ticularly simple and has a wide range of applications in-
cluding the numerical derivation of the NO vortex so-
lution. Note that due to stiffness of the ODE system
(13)-(14), Mathematica is unable to solve it using the
NDSolve routine. A similar code can be used to inves-
tigate the stability of the embedded dilatonic vortex by
minimizing the energy functional (19) with respect to the
three functions f , u and g. For parameter values lead-
ing to a non-zero g at the defect core we have instability.
Even though this approach is more involved and subject
to some numerical uncertainties, in most cases it leads
to consistent results with the more accurate and simple
perturbative method based on finding if the operator Oˆ
has negative eigenvalues.
r@i_D := i dx; fp@i_D := Hf@iD - f@i - 1DL  dx; vp@i_D := Hv@iD - v@i - 1DL  dx;
e@i_D := r@iD Hfp@iD^2 + H1  2L HExp@q Hf@iD^2LDL vp@iD^2  Hr@iDL^2 +
H1 - v@iDL^2 f@iD^2  r@iD^2 + Hbb  2L Hf@iD^2 - 1L^2L;
H*Energy density for Embedded dilatonic Gauge Vortex*L
bb = 1.1; H*stability parameter Β*L q = 2; H*dilaton coupling constant q*L
dx = 0.025; rmax = 15; imax = IntegerPart@rmax  dxD ;
v@0D = 0; f@0D = 0; v@imaxD = 1; f@imaxD = 1;
H*Nielsen-Olesen boundary conditions*Letot = dx Sum@e@iD, 8i, 1, imax<D;
ft@x_D := Sin@Pi x  H2 rmaxLD^2; vt@x_D := Sin@Pi x  H2 rmaxLD^2;
H*Test functions we use to help Mathematica begin the minimization*L
ftab = Table@8f@iD, ft@r@iDD<, 8i, 1, imax - 1<D;
vtab = Table@8v@iD, vt@r@iDD<, 8i, 1, imax - 1<D; tabvar = Union@ftab, vtabD;
sol1 = FindMinimum@etot, tabvar, MaxIterations ® 1 000 000, AccuracyGoal ® 6D;
tfisol1 = Table@8i dx, f@iD . sol1@@2DD<, 8i, 0, imax<D;
tvisol1 = Table@8i dx, v@iD . sol1@@2DD<, 8i, 0, imax<D;
ListPlot@8tfisol1, tvisol1<, Joined ® True,
PlotRange ® All, Frame ® True, FrameLabel ® 8r, Fields<,
PlotStyle ® 8Black, 8Black, Dashed<<, BaseStyle ® 8FontSize ® 18<D
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FIG. 4: Mathematica code for numerically finding the dila-
tonic vortex solutions
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